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Abstract

Human learners often seek information rationally: they prefer more informative over less
informative data, and ask questions that optimally discriminate between competing hy-
potheses. But this picture holds only in simple, controlled settings: in more complex tasks,
the computations needed for optimal information seeking become intractable and human
inquiry empirically is often far from optimal. How do people effectively navigate the in-
formation landscapes the real world presents? We propose a model of information-seeking
under representational constraints, which simplifies complex data used to make inferences
and seeks information rationally with respect to its costs. Six behavioral experiments
using two popular search games support this account: we find that people reason impre-
cisely and make queries in ways that are objectively uninformative under standard models,
but are actually efficient given their limited representational capacity. Participants also
increasingly prefer simpler, less informative queries as they gain experience in a task, sug-
gesting rapid adaptation to their cognitive limits. Our findings challenge theories of human
information-seeking based on an idealized notion of rationality and instead support a more
nuanced and realistic view: people are limited in what information they can represent but
have information-seeking strategies that are efficient given those limits.



Introduction

Philosophers, psychologists, and artificial intelligence researchers have long sought to ground
human inquiry in rational terms [1-3]. Modern theories of information-seeking based on
Bayesian principles of “Optimal Experimental Design” (OED) have had notable success ex-
plaining how people test hypotheses in simple settings, especially relative to other possible
modes of inquiry like falsificationism [4, 5]. In certain circumstances, people ask questions and
use problem-solving strategies that align with OED principles, devising queries that maximize
expected information gain [3, 6-9]. However, other work has found that in other settings peo-
ple seem to make queries that are informative about only a small number of hypotheses at
a time [10-13], their questions are often simpler than information-maximizing questions [14,
15], and they frequently take more steps than necessary to solve a problem [5, 16], indicative
of difficulty integrating evidence. An obvious challenge in formulating a unifying account of
human active learning is reconciling these findings with the cases where human information-
seeking aligns with OED principles. A hint about how this might be achieved is to note that
the cases where people are found to be near-optimal are also generally the least complex tasks,
involving only a small number of objects and hypotheses.

There are prima facie reasons why we might not expect people to do optimal information-
seeking in complex settings, which become apparent when considering the computational
resources inherent to optimal algorithms for active inference. In 1976, Donald Knuth wrote
a paper entitled “The Computer as Master Mind,” describing a computer program that op-
timally plays Mastermind [17], a game that involves figuring out a hidden code by making
repeated guesses and using feedback to make deductive inferences. The algorithm works by
maintaining a list of all possible solutions (1,296 of them), checking all the possible ways the
game could continue after any possible query, and picking the one that minimizes the worst-
case outcome. While people are more generally intelligent than any computer program (and
were especially so in 1976), they find this game to be notoriously hard [16]: people take on
average more guesses to reach a solution on a simplified version of Mastermind than Knuth’s
program does in the worst case on the standard version [18].

A key difference between humans and digital computers, which may help explain our
shortcomings in this case, is that people’s capacity for actively maintaining and manipu-
lating information is quite small. A wide range of empirical evidence, dating back over a
century, demonstrates that people have severely limited information-processing capacity in
verbal memory [19], object tracking [20, 21], numerosity perception [22, 23], visual memory
24, 25], and semantic memory [26, 27], among many other domains. Attempts to measure
the information content consistent with human performance across disparate behavioral tasks
suggest that both visual and verbal short-term memory have a capacity of just a few or several
bits [e.g. 19, 28-31]. For comparison, this is on the order of about 10° times less than the
RAM of a 1970s-era computer [32] and about 10° times less than a modern laptop.

In this paper, we ask how a limited representational capacity affects people’s ability to



learn, reason, and seek information in the context of two logical strategy games. We con-
sider two hypotheses jointly: first, that a limited capacity to represent information constrains
how people interpret evidence; and second, that people strategically avoid information that
exceeds their representational capacity in favor of simpler evidence. To test these hypothe-
ses, we develop a formal theoretical framework for inference and information-seeking under
representational constraints. Assuming zero representational cost, the model is equivalent to
Bayesian inference and utility-maximizing (similar to OED); however, assuming non-zero cost,
the model represents the implications of available evidence only approximately and seeks infor-
mation that respects those imperfect approximations. We then compare human performance
in six experiments involving two logical strategy games to this model, as well as to models
that randomly query, information-maximize with no constraints, and information-maximize
but lose information over time. We find that people make queries that provide simpler an-
swers than would be optimal under a global information-maximizing perspective—however,
their queries are close to information-maximizing when accounting for cognitive constraints.

Framework

To help motivate our modeling approach, consider the example of a doctor faced with diag-
nosing a patient who presents with a variety of symptoms and a set of test results. Each piece
of evidence (fever, rash, elevated white blood cell count) is informative about the probability
of different diagnoses. Ideally, the doctor would consider the full implications of each test or
symptom — how each piece of information changes the probability of all possible diagnoses.
In practice, however, the doctor may use simplified interpretations of each symptom or test,
such as thinking “elevated white blood cells are consistent with a possible infection,” even
though there are certain infections that do not result in elevated white blood cell counts and
there are other causes of elevated white blood cell counts. These simplified interpretations of
evidence may contribute to uncertainty about a diagnosis even when it is completely deter-
mined by perfect reasoning about all available information. Our model aims to capture this
kind of imprecision in how people use information to shape their beliefs, as well as how people
may adapt their information-seeking behavior to account for that imprecision.

Approximate representations of evidence

Suppose we have a set of mutually exclusive hypotheses, H = {hy ...h,}, for which we have

some prior distribution P(H). The rational way of updating our beliefs upon receiving in-
P(E|H)P(H)

P(E) -
However, this computation can be quite costly, and past work has explored different mecha-

formation E' is to use Bayes’ rule, i.e. to compute the posterior P(H | E) =

nisms by which people may approximate the Bayesian ideal [33-36]. Here, we focus on one
specific challenge for Bayesian updating: understanding the implications of the data itself.
Formally, the implications of data are captured by the likelihood function, P(E | H), which
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Figure 1: A conceptual illustration of the model with a binary likelihood. In each panel,
the columns correspond to twenty mutually exclusive hypotheses (hg...h19) and the rows cor-
respond to distinct pieces of evidence, presented sequentially from top to bottom. The top
left panel shows the true likelihood of hypotheses given the evidence, with a black cell indi-
cating that the evidence is consistent with the given hypothesis (note that the likelihood is
implicitly conditioned on a query). The bottom-left panel illustrates perfect integration of
that evidence over time, with more likely hypotheses having a darker shade. The top right
panel illustrates one possible imperfect representations of the likelihood—the best contiguous
range of 1’s (black) in terms of overlap with the likelihood. The bottom right panel shows
the corresponding posterior beliefs; note that the resulting distributions do not contain all
available information.

specifies the probability of data under different hypotheses. Crucially, however, people must
first find and represent this function before they can integrate it into their beliefs. To for-
malize this, we assume that the likelihood associated with evidence, F, is represented by a
program, g, which takes a hypothesis as input and returns an (approximate) likelihood; that
is, Tr(H) ~ P(E | H). We assume that there is a cost involved in finding and representing a
program proportional to its complexity, which we denote K ().

Given a sufficiently expressive family of programs II, there will always be some program
7 € II that exactly matches any given likelihood function, i.e., where P(E | H) = n(H).
However, this program may be very complex (long), incurring high cost. To avoid this cost,
one could use a simpler program, but it will only imperfectly capture the true implications of
the data. We quantify this discrepancy with a distance metric D (P(E | -),n(-)). To capture
the tradeoff between the program’s accuracy and its cognitive cost, we define the utility of
representing the likelihood of evidence F with program 7 as

U(m, E;a) = =D (P(E | -),7(-)) — aK (), (1)



where « is a scaling parameter that governs the relative weight of the two types of cost
(inaccuracy and complexity). The bounded-optimal solution is to pick the highest utility
program, m* = arg max,cy U(m, E; a). However, we model people’s approximate optimization
with a softmax, P(7 | E, «a, 5) o< exp(BU (7, E; av)).

In order to perform inference, we modify Bayes’ rule to account for approximations to the
likelihood function. We will denote the approximate posterior distribution as P*(h | E, «, )
to discriminate it from the true posterior probability P(H | E). This is given by

P*(h | E,a,B) x P(h) (Z P(r | E,oz,ﬂ)w(h)) . (2)

mell

In other words, given prior belief P(h) that a hypothesis is correct, the approximate pos-
terior distribution after receiving new information FE is the product of the prior and the
program-approximated likelihood, where the programs are weighted by their probabilities.!
Note that as o gets small, P(7 | E, «, 8) will increasingly favor programs that exactly match
the true likelihood. Thus, as long as the set of possible programs II is sufficiently expressive,
P*(H | E,«, B) will converge to the true posterior P(H | E). Figure 1 provides a conceptual
illustration of this idea.

Active learning

Models of active learning typically assume that people ask questions, make queries, and per-
form experiments that aim to maximize their expected information gain [e.g. 5, 6, 11, 37—40]
— often called the ‘Optimal Experimental Design’ theory, since it assumes that people act
like scientists who perform tests to best discriminate between hypotheses. A standard model,
which we will adopt here, assumes that a query is valuable to the extent that the expected
KL-divergence between the prior and posterior (the mutual information) is high. Intuitively, a
good query is one whose outcome is likely to produce a large change in your beliefs. However,
if people use simple approximations to interpret the implications of their observations, the
actual change in belief will be different from the ideal Bayesian update. This motivates our
key question: Are people sensitive to this difference, and do they adjust their information-
seeking behavior accordingly? If people are attuned to their own representational limits, they
should seek less complex information than if they were capable of unbounded representation.
Specifically, a boundedly rational agent would aim to maximize the expected information gain
with respect to their imperfect belief-updating,

Ulquery) o< Y~ P(h) Y P(o | query,h) Dy [P*(H | 0,0, 8) || P(H)], (3)

heH 0€0

!By marginalizing over programs, we are making a mean-field approximation with respect to the stochastic
choice of program.



where H are hypotheses, O is the set of outcomes one could observe from a given query, and
P*(H | o, ) is the distribution resulting from approximate belief updating.

Gameplay with limited representation

We now describe the results of applying this model to two games, which we also use for sub-
sequent experiments with adult participants: a variant of the classic game Mastermind and
a novel game we call ButtonSet. Both games have a similar structure that involves making
repeated queries and using feedback from those queries to help infer an unknown code (Mas-
termind) or set (ButtonSet). The structure of these games is of theoretical interest because
it involves several essential elements of real-world learning [41]: 1) there is an unknown state
of the world that the agent wants to identify; 2) the agent can perform tests or make queries;
3) there are rules to the world that determine the relation between test and outcome; 4) the
agent must use observations resulting from the tests or queries, along with an understanding
of the rules, to make inferences that aid in narrowing the space of possible world states.

Both games also require non-trivial inferences regarding the implications of information

received from making queries, making them useful tests of the model. To make the model
concrete, we define the space of programs, II, using a grammar over first-order logical expres-
sions. Each expression corresponds to a logical statement about properties of the unknown
code or set, for example, “there is exactly one 1 in the code.” See Supplementary Tables 1
& 2 for full specifications of the grammar for each game. Following the model above, we as-
sume that people may approximate the likelihood (the implications of feedback in the games)
with simpler expressions. We define the complexity of a program, m, as the amount of in-
formation needed to represent m under grammar G under an optimal coding scheme; that is,
K(x) = — log(Pa(r)).
Mastermind The goal of Mastermind is to guess a code consisting of four colors or digits
(here we use digits)? by repeatedly making queries and receiving feedback. Each time a player
makes a guess they receive two pieces of feedback: how many digits of their guess are in the
code at the correct position and how many are in the code but in the wrong position. So, if
a player guesses 1233 but the true code is 1344, they will learn that one digit of their query
is in the code at the right position (in this case the 1) and one digit is in the code but at
the wrong place (in this case the 3). They are not told which digits were correct or partially
correct, only how many of each.

Table 1 gives an example of logical expressions that approximate the meaning of feedback
in a game of Mastermind (using 3-digit, 3-slot Mastermind for simplicity). For the first guess,
111, there is a short expression that exactly captures the meaning of the feedback, that one
element is in the correct position and zero are misplaced: 3z € C' (z = 1). However, for the

2In the original game of Mastermind, there are six allowable digits (or colors) in each of four slots. We
only allowed four digits (1-4) in the four slots here.
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Figure 2: Games of (a) Mastermind and (b) ButtonSet played to completion in our experi-
mental setup. The goal of Mastermind is to guess a 4-digit code; each time a player makes
a guess, they learn how many digits are correct (green) and misplaced (yellow). The goal of
ButtonSet is to guess the the 3 true buttons out of a panel of 12 buttons. On each turn, the
player can select a subset of up to 6 buttons and the feedback tells them how many of the
true set of buttons is in the guess.

Guess CM Approximation Meaning
111 10 Jzel (z=1) There is exactly one 1 in the code.
21 0 2 =((Cy=2)V(C3=1)) 2 is not in position two and 1 is not in position
three.
21 20 (Ca=1)VvV(Ci=2) 1 is in position two or 2 is in position one or both.
212 30 (Game Over)

Table 1: Reasoning in a 3-digit, 3-slot Mastermind game using approximate logical represen-
tations. The first column shows a guess, the second and third columns show the feedback
(number correct (C) & number misplaced (M), respectively), the fourth column shows a log-
ical expression partially capturing the meaning of the feedback, and the final column gives a
textual description of the logic.

second and third queries, the shortest exact logical expression capturing the feedback are much
longer, essentially just disjunctive statements about which codes are consistent. But there are
much shorter approximate statements that nearly match the semantics of the feedback. For
the third query, 213, the feedback of 2 correct and 0 misplaced can be approximated by
((Cy =1) v (C5 = 2)), which means that either 1 is in position two or 2 is in position three
or both.
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Figure 3: Model simulation results for (a) Mastermind and (b) ButtonSet. The left panels
show the model’s average uncertainty in bits about the code/set (y-axis) after each guess
(x-axis). The right panels show the probability of having solved the game (y-axis) after each
guess (x-axis). Each line (color) represents a different value of the cost parameter a. As « gets
closer to 0, the model makes higher-information queries and solves the game more quickly.

ButtonSet In addition to Mastermind, we created a novel game which is similar in structure
to Mastermind but simpler in multiple ways. The game involves a player attempting to
discover a hidden set of buttons from a spatially contiguous buttons, in this case consisting
of 3 “true” buttons out of a panel of 12 buttons. On each turn, the player can select a subset
of up to 6 buttons. After making a selection, the player receives feedback indicating how
many of the selected buttons are part of the true code. The game continues until the player
correctly identifies the exact set of 3 true buttons. Unlike Mastermind, the feedback in this
game only specifies the number of correct selections without distinguishing their positions,
making it both less informative but likely easier to reason about. It is also quite similar to a
causal learning task in which the goal is to figure out which among a set of switches is working
or broken by flipping subsets of them to see if a light turns on [42], the only difference being
that in ButtonSet the feedback isn’t binary (0/1) but rather a number between 0 and 3.



Model predictions Figure 3a-b shows the results of model simulations in both games.
As « increases, the model becomes more sensitive to the complexity of the approximating
functions it uses, leading to slower reductions in entropy and longer paths to a solution. This
is both because when representational costs are high, the model uses less precise approximating
functions, so draws less precise inferences; and also because it makes queries that return less
complex feedback when « increases since it is optimizing around its own information-gain
rather than true informativeness.

Experiment 1: Faster learning from simpler data

We first set out to test a key prediction of our model: that people will in certain cases learn
less from more informative data relative to simpler data. We asked participants to complete
games starting with an initial set of queries and results (0-3 queries for Mastermind and 0-4
for ButtonSet). These queries were always generated by maximizing expected information
gain (EIG) given the previous evidence. However, in the “Unbounded EIG” condition, EIG
was computed assuming perfect unbounded inference; in the “Bounded EIG” condition, EIG
was instead computed under our bounded representation model. If participants are primarily
limited in how they represent information, they will perform better in the Bounded EIG
condition; if they are instead primarily limited by their ability to find informative queries, they
will perform better in the Unbounded EIG condition. Importantly, this latter prediction holds
even if people’s inferences are subject to unstructured noise (the “leaky posterior model”),
since effective EIG for this model is simply a fixed proportion of the true EIG. Figure 4 shows
examples of prompts in both games in each condition (Max-EIG vs. Bounded). We recruited
50 participants for each game, each of whom played 5 rounds in each condition. After excluding
those who solved fewer than half the games, we retained 44 participants (Mastermind) and
45 participants (ButtonSet).

Results

In both Mastermind and ButtonSet, the initial entropy predicted the number of guesses re-
quired to solve a game, meaning that participants made use of the information from the
provided queries (MM: B = 0.62, t(283) = 4.94, p < .001; BS: B = 0.77, t(387) = 8.22,
p < .001). However, participants solved games significantly faster when starting from simpler
queries compared to Max-EIG queries. Games in which simple prompts were provided took
fewer additional steps to solve compared to those with Max-EIG queries (MM: B = —2.29,
t(283) = —5.89, p < .001; BS: B = —1.19, t(387) = —4.04, p < .001). This indicates that par-
ticipants were less effective at using the information provided by the Max-EIG queries in both
games, even though those queries were more objectively informative. In both games, partici-
pants took significantly longer to finish the game even when entropy was zero in the Max-EIG
condition, indicating they struggled to fully capitalize on the information (see Figure 4b and
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Figure 4: (a) Examples of model-based prompts that initiated games in Experiment 1. On
the top are prompts from the Max-EIG model; on the bottom are prompts from the Bounded
model, which penalizes representational complexity/. (b) Results of Experiment 1 for Mas-
termind; (c¢) Results of Experiment 1 for ButtonSet. Both panels show the number of guesses
participants took to solve the game (y-axis) as a function of the number of initial queries pro-
vided (x-axis), split by how those queries were generated (color). The gray bar shows cases
where no initial queries were provided; the blue bars show cases where the provided queries
were maximally informative; and the orange bars show cases where provided queries traded
off between informativeness and simplicity.

4c).

Experiment 2: Learning to pick simpler queries

Experiment 1 showed that participants did not effectively process feedback resulting from
information-maximizing queries relative to simpler, less informative queries ones in either
game. In this study, we aimed to test whether participants would actively choose less com-
plex and less informative queries over maximally informative queries when presented with
these options in a forced-choice paradigm. Participants played a modified version of both
Mastermind and ButtonSet, each game consisting of two phases. In phase one, participants
were repeatedly given two options to select between as a guess. This continued until the true
code or set was perfectly determined. In phase two, participants tried to guess the code or set

10
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Figure 5: Results from Experiment 2 (Mastermind: a-c, ButtonSet: d-f). (a,c) The probability
that participants picked the low-complexity code or set (y-axis) in the forced-choice portion of
each game across trials (x-axis). (b, d) The probability that participants eventually solved a
game (within 10 guesses) in phase two (y-axis) given the proportion of low-complexity guesses
they made in phase one (x-axis). (c, f) The number of guesses participants required to solve
the game in phase two (y-axis) given the proportion of low-complexity guesses they made in
phase one (x-axis), non-solvers excluded.

freely without any feedback. The options in phase one were designed such that one guess was
information-maximizing with no complexity penalty, while the other penalized complexity (as
in the two conditions of Experiment 1). Additionally, none of the options presented in the
forced-choice phase were the correct code or set. We recruited 50 participants for each game
from Prolific, with n = 40 remaining in Mastermind and n = 41 remaining in ButtonSet after
exclusions for not solving at least half the games.

Results

Our main question was whether participants would choose the maximally informative option or
the lower-complexity option. Across both games, participants initially picked between the two
options near chance but with experience developed a strong preference for the lower-complexity
option. In Mastermind, a logistic regression predicting the probability of choosing the low-
complexity option as a function of trial showed that the intercept was negative (By = —0.33,

11



z = —3.04, p = 0.002) and there was a significant positive effect of trial number (B; = 0.14,
z = 6.69, p < 0.001), meaning participants picked the low-complexity option about 44% of
the time in the first game but 71% by the final game. In ButtonSet, the intercept was also
slightly negative (By = —0.16, z = —1.99, p = 0.05), but participants’ increasingly chose the
lower-complexity option over time (Biia = 0.09, z = 4.35, p < 0.001), from 46% in the first
game to 66% by the final game (Figure 5a,d).

In both games, there was a striking relationship between selecting lower-complexity guesses
and solving the game successfully. In Mastermind, using low-complexity guesses more fre-
quently was a strong predictor of solving the game (B, = 1.79, z = 4.28, p < 0.001), with
participants solving the game only 50% of the time when they always picked the Max-EIG
option, but solving 86% of the time when they always picked the low-complexity option.
Similarly, in ButtonSet, the proportion of low-complexity guesses also significantly predicted
success (Blow = 1.26, 2 = 3.20, p = 0.001); when participants chose only the Max-EIG option,
they solved the game 66% of the time, but when they picked the low-complexity option exclu-
sively, the success rate increased to 87% (Figure 5b,e). Participants also took fewer attempts
to solve games when they had chosen more low-complexity queries (Figure 5¢,f).

Experiment 3: Free game-play

We finally tested how people played both games without any constraints on what queries they
could make or any other manipulation. This allowed us to compare the fit of the bounded-
representation model to human performance with three alternatives drawn from prior litera-
ture [5, 14, 18, 40, 43, 44]: a noise-free model that always selects the information-maximizing
query; a model that makes queries at random from the full space of possible codes until the
solution is determined; and a “leaky posterior” model which assumes noisy integration of ev-
idence. Note that the random-querying model here strictly under-performs a “one-and-done”
sampling model that draws a single sample from the posterior [44], since the random queries
are drawn from the entire space of possible codes rather than from the posterior.

Results

We recruited 50 participants for each game, who played 10 games with 5 generated by each
model. After excluding those who solved fewer than half the games, we retained 39 participants
(Mastermind) and 42 participants (ButtonSet). In Mastermind, participants found the correct
code in 86% of games played. Of the games where participants successfully found the code,
they took on average 7.5 queries (SD=2.9). This performance is substantially worse than the
information-maximizing model, which takes on average 3.6 guesses (SD=0.5) and at most 4
for any given game. A one-sample t-test showed that the difference in the mean number of
queries to solve the game (-3.9) was significant (¢(336) = —24.3, p < 0.001). But, notably,
it is also worse than the model that picks a query at random until there is only one possible

12



code remaining, which took on average 4.8 queries (SD=1.0) and a maximum of 7 queries in a
sample of 1,000 simulated games. This difference (-2.8) was also significant (¢(336) = —17.7,
p < 0.001).

In ButtonSet, participants found the correct solution on 91% of games played and in the
games where they found the correct solution, they got the correct answer in 8.5 guesses on
average (SD=2.8). As with Mastermind, this is more queries than the unbounded Max-EIG
model, which takes 5.1 guesses on average (SD=0.9) and more than the random-querying
model, which takes 6.7 guesses on average (SD = 0.9). The difference from the unbounded
Max-EIG model was significant (¢(380) = —23.0, p < 0.001) as was the difference from the
random model (£(380) = —12.3, p < 0.001). The uninformativeness of participants’ queries
and their overall inefficiency in both games can be seen in the lefthand and middle plots in
Figure 6 (Mastermind, 6a; ButtonSet, 6b): participants’ queries reduce entropy more slowly
(left) and they take more queries to find the solution (middle) than both the unbounded
Max-EIG model and the random-querying model.

Critically, the fact that the informativeness of participants’ queries was below chance
in both games cannot be explained by standard sampling-based accounts of approximate
inference and decision making [11, 44-49]. Intuitively, the worst these models can perform
is if they sample only one possible query or track zero different hypotheses (or “particles”).
Either model will select queries completely randomly, and increasing the number of samples
will only improve performance. Indeed, we found that a particle filter applied to our tasks
selects queries that are more informative than chance (see SI).

We ran a nested model comparison to test the bounded-representation model against an
“unbounded” Max-EIG model that assumed only noise in the decision process (i.e., what
query to make) and a leaky-posterior model, which additionally assumes noise in inference.
In both games, the bounded-representation model provided the best overall fit (average per-
participant AAIC of 72 for Mastermind and 125 for ButtonSet over the next-best model)
and the best fit for a majority of participants. The righthand panel of Figure 6 shows that
the modal EIG of participants’ queries was close to the (subjectively) information-maximizing
query under the bounded-representation model. Participants’ queries are in fact objectively
uninformative (low average informativity under the unbounded Max-EIG model) and slightly
below average under the leaky posterior model. See SI for additional details.

Discussion

In this paper, we proposed and validated a model of how human active learning is shaped
by processing demands that formalizes two key hypotheses. First, that people can only ap-
proximately represent the implications of data when those implications are complex. Second,
that people will adaptively seek out data that might be objectively uninformative but will
be informative given their constraints. Our experiments supported both hypotheses: people
could not use highly informative queries effectively (Experiment 1); when given the choice,
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Figure 6: Results from Experiment 1, with Mastermind on top (a) and ButtonSet on the
bottom (b). Human performance (black) is compared against several models: unbounded
information-maximizing (blue), random-querying until the solution is determined (red); leaky
integration of evidence (purple); and representationally-bounded inference (tan). Left: en-
tropy over possible codes or sets (y-axis) as a function of the number of guesses taken (x-axis);
individual participants are shown in transparent lines. Note that this is the objective rather
than subjective entropy, so it does not account for imperfect inferences. Middle: The number
of guesses (y-axis) taken to determine the code or set across all games for participants and the
models (x-axis). Right: density estimates for participants’ expected information gain relative
to other possible guesses under different models: unbounded integration of evidence (blue), a
leaky posterior (purple) and a bounded, program-approximated likelihood (tan).

they preferred lower-complexity, lower-information queries (Experiment 2); and their behavior
could not be explained by plausible alternative models such as noisy query selection, noisy
evidence integration, or particle-based approximate inference (Experiment 3). These findings
challenge standard rational accounts of active learning that do not account for processing
limitations and support a more nuanced story [cf. 11, 50]: people are cognitively limited in
what data they can process effectively; they know this (or can learn their limits quickly); and
they make queries with their limited capacity for processing information in mind.

Our results initially seem to contradict well-established principles of human information-
seeking based on Expected Information Gain (EIG) and Optimal Experimental Design (OED).
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A large body of work has documented instances where adults and children ask questions and
seek out data that are likely to be highly informative [3, 8, 51-53]. Furthermore, they can
adapt their information-seeking strategies based on environmental statistics, consistent with
rational models [7, 18, 42, 52, 54, 55]. Critically, however, these studies employed simple
environments in which there are a small number of hypotheses and possible data points, and
the relationship between the two is direct. In these cases, representing the full implications
of a piece of evidence incurs minimal cost; our model will thus also predict near-optimal
information-seeking in such settings. In more complex settings, however, when the hypothesis
space is large and evidence is ambiguous, both children and adults have been found to be quite
inefficient in absolute terms [10, 12, 18, 56, 57], just as we found in our own experiments. Under
our model, the apparent conflict between these two types of findings has a straightforward
explanation: when data is easy to reason about, people will approach optimal benchmarks; but
when the implications of data are complex, people will struggle to represent those implications,
and the efficiency of their information search will suffer accordingly.

Our results add to a growing body of work demonstrating the ways in which human
information-seeking deviates from a globally optimal strategy. Other work has demonstrated
that human inquiry tends to be myopic, in that people tend to consider only one or a handful
of hypotheses at a time [10-12, 58]; they tend to pick questions in a “greedy” fashion rather
than choosing questions that are informative with future questions in mind [59, 60]; and
their questions are often simple [13, 15, 43]. Our findings extend these results by showing
that people exhibit biases in query selection not just due to the number of hypotheses they
consider or how far ahead they search, but also due to their inability (or unwillingness) to
process the full implications of the available information.

There are several limitations of both our theoretical approach and experimental results.
First, our modeling approach does not explain how people actually come up with simplified
approximations of evidence. Relatedly, our model does not address at an algorithmic level
how people come up with queries that strike a balance between simplicity and informativeness
— but our model does suggest one plausible answer. By representing the meaning of evidence
in a simple way, people may be able to reason backwards from a desired piece of information
(e.g., the number of 2’s in the code) to a query that produces this information (e.g., 2222),
analogous to the means-ends strategy for problem solving [61].

While our findings highlight limitations in forming complex representations on-the-fly, it’s
important to consider that these constraints coexist with a remarkable capacity for learning
richly structured symbolic systems [62-68]. Returning to the analogy of computer memory
architecture, our brains may have severely limited ‘RAM’ for active processing, but seem
to compensate with a vast ‘hard drive’ of latent representations that can be incrementally
built and accessed. Library learning models in program synthesis, which develop increasingly
sophisticated abstractions over time by iterative composition and caching, may be a useful
framework for understanding how people learn rich structures over longer timescales [69-71].
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A promising direction is in integrating realistic cognitive constraints into models of abstraction
learning, which account both for people’s impoverished ability to actively process information
and how these limits may be effectively overcome with better world models.

Methods

Experiment 1

We recruited 50 adult participants from the online platform Prolific to play 10 rounds of Mastermind
and ButtonSet (500 games total). They were paid $4 upon completion. This and all other experi-
ments were approved by the University’s Institutional Review Board and comply with all relevant
ethical regulations. Informed consent was obtained from all participants before beginning the study.
All experiments were created using the PsiTurk framework [72].

Games were initialized with 0-3 queries in Mastermind and 0-4 queries in ButtonSet. The initial
queries either came from one of 30 games played by the (unbounded) information-maximizing model
or the bounded-representation model with a = 4. Each participant played five games in each of the
two initialization conditions, with the number of initial queries shown selected at random. Partici-
pants were instructed to “finish the game from where the computer left off.” N = 50 participants
were recruited from Prolific for both games, 6 of whom were excluded in Mastermind and 5 of whom
were excluded from ButtonSet for not solving at least half of the games.

Experiment 2

Experiment 2 was similar to Experiment 1 but had two phases. The first phase was a forced choice,
where participants were repeatedly presented two options to select between as a guess, which con-
tinued until the code/set was perfectly determined. In phase two, participants tried to guess the
code or set freely without any feedback. They had up to 10 guesses to answer correctly, otherwise
they lost. The options in the forced-choice phase were designed such that one guess was information-
maximizing, while the other was the best guess according to the bounded-representation model with
«a = 4. None of the options presented in the forced-choice phase were the correct code or set. We con-
structed the choices by dynamically constructing game-trees for 30 games to account for each option
a person could choose and what to present next. We recruited 50 participants for each game from
Prolific, with n = 40 remaining in Mastermind and n = 41 remaining in ButtonSet after exclusions
for not solving at least half the games.

Experiment 3

On each round of Mastermind, a random code was generated from the 256 possibilities (i.e., 1111,
1112, ... 4444). Players had up to 15 guesses to find the solution, otherwise they lost (see previous
section for the rules of Mastermind). Participants who did not find the solution in at least half the
games were excluded from analyses (N = 11), leaving 39 participants. Our primary analyses also
only included trials in which participants found the solution, in order to help exclude motivation as
a source of sub-optimal performance.
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The methods were nearly identical in ButtonSet, except that instead of an array of boxes to
input digits, participants were shown an array of 12 buttons and made queries by clicking a subset
(up to 6) of those buttons. As with Mastermind, participants had up to 15 guesses to get the answer
correct. We again recruited 50 participants, N = 8 of whom were removed for not finding the correct
solution in at least half of the games.

Modeling Gameplay

In order for the model not to simply seek information but actually try to win games, we introduced a
parameter A which represents the added utility of guessing the solution. There is also no uncertainty
about responses given a query and hypothesis, since these are deterministic. So, the utility function
given in (3) becomes,

U(q) < A- P(q)+ > P(h) - Di [P*(H | h,q) || P(H)] . (4)
heH
where P(q) is the probability that the query is the correct answer. Note that A\ modulates the
explore-exploit tradeoff, since when A is low, it will make information-maximizing queries and when
A is high, it will always try to pick the most likely code.

We used a simple “conservative” distance metric [73], which says that an approximation is good
to the extent that its extension is similar to the likelihood and it does not rule out possibilities
consistent with the evidence. Since the games involve discrete hypotheses with binary likelihoods,
we define this as,

Sher [m(h) — P(E | h)|, if w(h) > P(E | h) for all h € H.

00, otherwise.

D(PE|-),7() = { (5)
The grammars we used for generating approximations II, which are shown in Supplementary Tables 1
& 2, are sufficiently expressive that there is always an expression which expresses the full implications
of feedback from the game, i.e., where D (P(E|-),n(-)) = 0. However, these programs can be
extremely complicated, particularly when queries involve multiple digits in Mastermind and larger
sets of buttons in ButtonSet.

The main challenge to testing this model is that there are almost always a variety of different
simplified interpretations of evidence that can be made. For any given piece of information in these
games, for example, there are a number of different logical expressions of different complexity which
are correspondingly more or less accurate approximations of the information. This is true even at a
fixed representational cost «, since there might be equivalently complex and accurate simplifications.
It is therefore necessary to marginalize over possible values of both « and the approximations that
could be made at each point in a game.

We dealt with this by running the model on each possible guess and feedback one could receive
in each game under a range of logarithmically-spaced o parameters (from le-4 to 100) and stored
the top 10 approximations found from each run of the model (or more if there were ties). For
each query/feedback pair, we ran an MCMC-like algorithm to search for approximations, using tree-
regeneration proposals from the prior to sample possible approximations with a Metropolis-Hastings
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acceptance rule, and storing each sample in a list. We ran 4 chains of 100,000 iterations each to form

a list of possible approximations and took the top approximations at a given « from this list. We

additionally found the ezact logical expression that matched the semantics of the feedback. All of

these were aggregated and used to calculate P*(h | E, a, 3) for evidence received in a game FE, cost

parameter «, allowing us to fit the model to human data.
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